
The estimation of the values of AFni can be made with the 
procedure described above. To make these estimations, it is 
necessary to have the detailed knowledge about the morphology 
of deposited particles; namely, the positions of each deposited 
particle. Such information can be obtained with the simulation 
model developed recently (Tien et al., 1977; Wang et al., 1977). 
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NOTATION 

Collector radius 
Particle radius 
Drag coefficient, Eq. 32 
Drag coefficient based on Stokes’ law, Eq. 34 
drag correction factor for the interaction between the 
i-th and j-th particles 
. r.) = drag correction factor for the interaction 
among the N particles 
a) = drag correction factor for particle dendrite 
Drag force 
Drag force on the i-th sphere 
Increase in drag force, Eq. 18 
Contribution to drag force increase due to the i-th 
particle 
Center to center distance between two spheres 
Reynolds number, (2 a U ,  pIp) 
Pressure 
Spherical harmonic function of order (n + 1) 
Pressure drop 
position vector in cylindrical polar coordinate 
Radius of cylinder 
radial coordinate 
Approach velocity 
Fluid velocity at cylinder axis 
z component of the undisturbed velocity field 
evaluated at the center of the particle, Eq. 9 
Velocity field 
Weight of the assembly subject to fluid flow 
Weight of the assembly placed in fluid at rest 
axial coordinate 

- 
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Laminar Condensation Heat and Mass 
Transfer to a Moving Drop 

This paper presents numerical solutions to the nonlinear, coupled boundary- 
layer equations governing laminar condensation heat and mass transfer in the 
vicinity of the forward stagnation point of a spherical cold water droplet translat- 
ing in a saturated mixture of three components. The environment surrounding the 
droplet is composed of a condensable (steam), a noncondensable and nonabsorba- 
ble (air), and a third component which is noncondensable but absorbable (Elemen- 
tal Iodine, for example). The dispersed and the continuous phases have been 
treated simultaneously. Results obtained here show excellent agreement with 
experimental results where available. An important conclusion is that for laminar 
condensation on a freely falling droplet, for a given thermal driving force and 
noncondensable gas concentration in the bulk, the dimensionless heat transfer 
decreases with increasing saturation temperature of the outside medium. 
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In an earlier paper, Chung and Ayyaswamy (1978a) 
(hereinafter referred to as I) we have provided results for the 

forward stagnation point heat and mass transfer to a moving 
drop in the presence of laminar condensation. The theoretical 
development invoked two major simplifying assumptions. (a) 
The droplet inside could be treated as completly inviscid. Thus, 
the flow field inside the droplet was prescribed. The effect of 
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viscosity ofthe dmplet liquid on the strength of the Hill's vortex 
inside the drop was not included. (b) The energy equation for 
the thermal boundary layer inside the drop did not include the 
contribution of the tangential component of convection. The 
motivation for invoking these assumptions was primarily to 
reduce the complexity in the mathematical structure of the 
problem. 

Although these results are meaningful, the necessity for the 
development of a more refined theory which treats the dis- 
persed phase in detail has never been ruled out. With the 
inclusion of the viscosity effects for the droplet-inside, three 
separate regions of flow can, in general, be discerned: an 
interior core flow; a boundary layer type flow near the surface 
of the drop; and an internal wake flow. The extent and strength 
of each type of motion depends on: (a) the ratios of the dynamic 
viscosities and of the densities of that of the droplet liquid and 
of the outside medium, and, (b) the Reynolds number charac- 
terizing the external flow (Batchelor, 1956; Harper and Moore, 
1968; Chao, 1969; Harper, 1972). 

For steady motion at high Reynolds number, the core is still a 
Hill's vortex(Batchelor, 1956), however, of a reduced strength. 
This strength is related to surface mobility. Prakash and Sirig- 
nano (1978) have found the strength of the liquid drop vortex in 
a vapor-gas stream to be about an order of magnitude smaller 
than that for a gas bubble. The thicknesses of the boundary 
layer and the internal wake have been shown to be of O(Re-"') 
and O(Re-1'4), respectively (Harper, 1972). Brignell(l975) has 
argued that the mass transfer inside the drop can also be 
viewed in a similar manner. In fact, it is easy to extend these 
arguments to heat transport also. We can, therefore, envision a 
thermal core in the interior, a thermal boundary layer near the 

surface, and an internal wake near the droplet central axis. 
By a further extension of the analogy between mass and heat 

transfer inside the drop, the gradient in the thermal boundary 
layer can b s  shown to be much larger than that in the internal 
wake. It can also be analogously shown that the thermal bound- 
ary layer is a fast and efficient mechanism for the heat transfer, 
the internal wake is less efficient, and the drop interior core is 
less efficient still. The response times for the boundary layer, 
the internal wake and the interior core can be estimated to be 
in the ratio (RIU,): (RRJS) Pet: (RIU,)Pe. Here, U ,  is the 
maximum surface velocity and Pe = ( U$R/K(), the drop Peclet 
number. For Pe -O(lOz) or more, we see that the boundary 
layer has the least response time. 

In this paper, we offer results based on a refined theory that 
includes the effects due to the presence of hydrodynamic and 
thermal boundary layers inside the drop. The continuous 
phase theory is essentially the same as before with appropriate 
changes in the boundary and matching Conditions. The changes 
in constraint conditions complicate the numerical study im- 
mensely as will be seen subsequently. 

The droplet sizes and the thermodynamic range chosen for 
the illustrative calculations are closely related to the operating 
conditions that are likely to prevail in the containment spray 
atmosphere of a nuclear reactor following a loss-of-coolant 
accident. Apart from steam and air, the drop environment is 
taken to consist of Elemental Iodine (a typical fission product) in 
trace amounts. This investigation is, therefore, a contribution 
to the theory behind one aspect of nuclear safety-containment 
spray cooling system (Chung and Ayyaswamy, 1977; Tanaka, 
1980). 

CONCLUSIONS AND SIGNIFICANCE 

Numerical solutions to the nonlinear, coupled boundary- 
layer equations governing laminar condensation heat and mass 
transfer in the vicinity of the forward stagnation point of a 
freely falling spherical cold water droplet in a saturated mix- 
ture of three components are presented. The environment 
surrounding the droplet is composed of a condensable (steam), 
a noncondensable and nonabsorbable (air), and a third compo- 
nent which is noncondensable but absorable (Elemental 
Iodine, for example). 

The theoretical basis of this study is considerably more re- 
fined compared to I. The droplet-inside has been carefully 
treated and effects due to the presence of hydrodynamic and 
thermal boundary layers inside the drop are included in 
evaluating transport rates. Effect of viscosity on the internal 
core motion and the consequent reduction in the vortex 
strength inside the drop have been accounted for. The rela- 
tionship between the continuous phase and the dispersed phase 
has been carefully defined. The interfacial shear stress con- 

tinuity conditions have been identically satisfied by employing 
repeated iterative procedures. 

With the inclusion of the viscosity effects for the droplet- 
inside, the convective velocity components are reduced by an 
order of magnitude compared to that of an Inviscid Hill's 
spherical vortex solution. The associated heat and mass trans- 
fer predictions are significantly smaller in magnitude (by as 
much as a factor of two in most cases). Excellent agreement of 
the present calculations with experimental results, where 
available, has been demonstrated, while the previous results 
had shown good comparison only in a qualitative sense. The 
most significant conclusion is that, for a translating droplet 
experiencing condensation, at a giuen thermal driving force 
and noncondensable gas concentration in the bulk, the dimen- 
sionless heat transfer decreases with increasing saturation 
temperature of the outside medium. Thermodynamic condi- 
tions suitable for the use of the well-established Ranz and 
Marshall correlation have been discussed in relation to results 
obtained here. 

ANALYSIS 
Consider a single, cold water spherical droplet initially of 

uniform temperature To,  with fully developed and steady inter- 
nal motion, that is translating at a constant velocity U ,  in a large 
content of an otherwise quiescent mixture of its own vapor 
(steam, condensable), air (noncondensable and nonabsorbable), 
and a third component which is also a noncondensable but is 
absorbable.. The third component is taken to be in trace amounts 
only. The mass transfer resistance for the transport of this third 

component is almost entirely in the gaseous phase. Let the 
mixture be at a temperature T ,  ( T ,  > T,,), and the total pressure 
p , .  The mass fractions of the noncondensable components in the 
bulk of the mixture are prescribed. The total pressure of the 
system is given by the sum of the partial pressures of the 
components in the bulk of the continuous phase. At the liquid 
and vapor-gas interface, the temperature Ti and mass fraction of 
each component are unknown a priori and are determined from 
two compatibility conditions that are explained in I. 
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LIQUID BOUNDARY 

I 
t 

Figure 1. Geometry and coordinate system. 

It is convenient to begin the analysis by separate consider- 
ations of each region in the model. We will also list the various 
assumptions where appropriate. 

Region I: Liquid Region 

(a) Inside the droplet, the flow field is taken to consist of a thin 
hydrodynamic boundary layer near the droplet surface, an 
internal wake near the central axis of the droplet and a Hill's 
vortex core flow with a reduced strength compared to that of a 
complete inviscid solution. This Hill's vortex is represented by: 

1 
2 q,,,, = -- Ar2(R2 - r2) Sin2@ 

Following Prakash and Sirignano (1978), (UJAR')  = O(4 - lo), 
while this quantity is also a function of ( & u & i d ~ ~ i n s i d e ) .  In our 
problem, (&,tside/&nside) = 0(10-'). Therefore, from their theory 
(UJAR') = 10, the strength of the vortex is known. We have 
assumed that any reduction in the strength of the Hill's vortex is 
due only to the drop viscosity; i.e., the effect of condensation on 
the strength of the vortex is negligible. In fact, through an order 
of magnitude study, the inward momentum of the condensate 
can be shown to be at least an order of magnitude smaller than 
that of the surface motion. The thin hydrodynamic boundary 
layer will be assumed to be fully developed, steady and laminar 
(Chao (1969)). 

(b) The thermal boundary layer within the droplet will be 
assumed to be fully developed and thin (Levich et  al., 1965; 
Ruckenstein, 1967; Chao, 1969). Since the residence time along 
a closed stream line, which is also the residence time in the 
thermal boundary laver, is about two orders of magnitude small- 
er than the thermal diffusion time (Prakash and Sirignano, 
1978), the thermal boundary layer can be treated as quasi- 
steady. 

(c) Since the flow velocity range to be considered is moderate, 
viscous dissipation, compressibility effects and expansion work 
can be neglected. 

(d) No droplet oscillation. 
The governing equations for the liquid boundary layers are, 

Figure 1: 

where 

Kl = ( U A O R ) ,  L = (gx/R)  

The corresponding boundary conditions are: 

ul = (UJlOR), TI = T,,o as y -+ - 00 

au, i fJu, i 
a Y  a Y  

qi = u , . ~ , ~ ,  p - = -, Tl = Ti  at y = 0 

(5 )  
We note that the appropriate boundary condition at the inside 

edge of the hydrodynamic boundary laver corresponds to the 
Hill's vortex, with strength A = U,/10R2, evaluated at the 
surface of the droplet r = R. The temperature at the edge of the 
thermal boundary layer is taken to be the instantaneous temper- 
ature of the outermost isothermal streamline of the internal 
thermal core. 

The interfacial tangential velocity is governed by: (1) match- 
ing of shear stress and (2) continuity of tangential velocity. Thus, 
for the interfacial condensate layer, u/,( -+ 0 as x -+ 0. Also, in 
view of the thinness of the condensate layer, the thermal resist- 
ance across it is sufficiently small that we can set T,  & T , .  

Are we justified in assuming that the condensate layer is thin? 
Our analysis treats the entire problem as quasisteady. A dimen- 
sional analysis shows that this restricts the applicability to situa- 
tions dealing with moderate rates of condensation. For  
moderate rates of condensation, by another dimensional reason- 
ing, it is easy to demonstrate that the condensate layer in the 
vicinity of the forward stagnation point is thinner compared to 
the liquid boundary layer thickness. For example, we can esti- 
mate the time required to add one boundary layer thickness of 
condensate liquid on to the surface of the drop. For moderate 
rates of condensation, this time is much larger than the bound- 
ary layer response time and is, in fact, at least of the order of the 
core response time. Thus, for a quasisteady boundary layer 
analysis, the condensate liquid layer may to taken to be thin 
without introducing any appreciable error. 

Alternatively, for a given AT, the thermal driving force (=Tx  
- T,,), we can develop an upper bound for the average thickness 
of the condensate layer. When the mechanism of heat transfer to 
the drop is taken to be entirely due  to a change-of-phase (sensi- 
ble heating excluded), we can estimate an upper bound for the 
inass transfer and then derive a corresponding thickness for the 
condensate layer. Such a bound yields (ARIR) - 1/3 C,, ATIA. If 
AT = 50°C, C,, = 1 cal/g"C, A = 540 cal/g, (ARIR) - 0.03. If we 
took the sensible heat transfer into account, this estimate would 
be lower. 

Also, even this thickness of the condensate layer can be 
deposited only over a long period (of the order of the core- 
response time). The assumption of a thin condensate layer is 
well justified. Since the continuous phase boundary layer is 
thicker than the liquid boundary layer, the condensate liquid 
layer is thinnest of the three We should also note that in a 
condensing situation such as this, although there could be  a 
large heat flux, the accompanying mass flux would be rather 
small. This is due to the large difference in densities between 
the liquid and the condensing vapor. We have taken the con- 
densate liquid layer between s and i surfaces to be thin enough 
so that the thermal resistance across this condensate layer is 
sufficiently small. In effect, a conduction resistance across this 
thin layer has been suppressed. 

Region II: Continuous phase boundary layer 

The continuous phase boundary layer equations for ternary 
mixture are as given in I .  The boundary conditions, however, 
have to be modified in the following manner: 
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Figure 2. Effect ofw,,, on condensation heat t ransfed  = 0.025 cm,T, = 
125"C, 146 cm/s < U, < 153 cm/s. 

i-surface: y = 0 

ul,i = 0, T = Tl = Ti (6) 

Here, G is a measure of the surface mobility. This is unknown 
and has to be determined through the use of the shear stress 
continuity condition. At the e-surface, the conditions are the 
same as in I .  Compatibility conditions are also given in I. 

SIMILARITY TRANSFORMATION 

We introduce similarity variables appropriate to the liquid- 
side in addition to those given in I.  The additional variables are: 

1 aqlr,, 
> P P l  = - r, 1 a(qfr,,) 

r,, aY 
PlU/  = -- 

ql = !IC$/R, ql = cLlxc+ r f i / ~ ,  el = ( T ~  - T M T ,  - T ~ ) ,  

where 
1 U,R 

10 V1x 
Cf = Re/, = --. 

Consider writing, 

$ = fi,, + efil + ... , and, el = el, + Eefl + .... (7) 

The first-order equations for the liquid boundary layer are: 

and 

The corresponding boundary conditions are, i-surface: 

001. 175'C 

2 -  

1 -  

3 -  

2 -  

D - 
QN" 

1 -  ------- 

0.025 crn 
0.01 

0.05 cm 
0.1 
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Figure 4. Effect of droplet radiusR andw,,, on condensation heat transfer: 
T,  = 125°C; R = 0.05 cm, 322 cm/s < U ,  < 335 cm/s; R = 0.025 cm, 
146 cmls < U, < 153 cmls; R = 0.005 cm, 23 cm/s < U, < 25 cmls. 

81, = 0, q = 0 (10) 

where G = G,, + EG,, and, l-surface 

The above sets of equations and boundary conditions are 
coupled with the continuous-phase equations and boundary 
conditions given in detail in I .  Then, they are solved by the 
"quasilinearization" method. The entire set of equations have to 
be repeatedly iterated until the shear stress continuity condi- 
tions are identically satisfied and a unique G is determined for 
each set of parameter values. This complicated portion of the 
numerical procedure was not required in I in view of the neglect 
of the internal viscosity. 

RESULTS AND DISCUSSION 

Heat transfer solutions for the translating drop problem are 
shown in Figures 2-4. The quantities Q,,, and U ,  have been 
explained in I .  

In figure 2, the variation in the noncondensable gas mass 
fraction is in the wide range of 0.001 < w , , ~  < 0.5. The curves 
give (Q/Qvu) as a function of (T ,  - To) for various w ~ , ~ .  The 
radius R of the droplet is 0.025 cm. The free stream bulk 
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Figure 5. Effects of and T,  on the absorption of the third component, 
R = 0.025 cm. 

temperature is taken to be 125°C. Comparison of Figure 2 here 
with Figure 2 of I shows that the heat transfer results of I were 
overpredicted by as much as a factor of two in several cases. 
With decreasing noncondensable gas in the bulk, the theory of I 
becomes increasingly inaccurate. The neglect of viscous effects 
in the dispersed phase has contributed to the high values re- 
ported in I .  

A purely inviscid solution such as the one used for describing 
the velocity field inside the drop predicts convective velocity 
components which are about an order of magnitude higher than 
those realized in the present study and the transport results 
based on such a theory are likely to be exaggerated when dealing 
with liquid droplets in gas-mixture environments. With increas- 
ing mass fraction of the noncondensables in the bulk, the discrep- 
ancy between the present results and those of I are somewhat 
smaller. This is owing to the increasingly dominant presence of a 
new resistance in the continuous phase with increasing w ~ , ~ .  

Figure 2 shows the comparison between our results with the 
experimental results of Ford and Lekic (1973) and Ranz and 
Marshall (1952). Ford and Lekic’s results are for condensation 
on drops in a pure steam atmosphere, and we would expect 
reasonable agreement with our results in the limit of wl,= -+ 0. 
In particular, the comparison with the case where wl,= forms a 
mere tenth of a percent of the mixture (0.1%) is seen to be 
excellent. 

It should be realized that their results are for droplets approx- 
imately three times bigger than those investigated in the 
present study. Furthermore, they correspond to average heat 
transfer, while the present investigation provides stagnation 
point heat transfer. The stagnation point values will, of course, 
be higher. In I, we presented a similar comparison. However, 
the reported values for stagnation heat transfer in I were already 
about 40% higher than those predicted by experimentsfor a w l , %  
of 1%. With a much smaller wl,= such as a tenth of apercent, the 
comparison would have been worse. This is due to the noninclu- 
sion of the role played by viscosity. 

But, an interesting question arises. How d o  we explain the 
close comparison of stagnation point results with an average 
result that is evident in Figure 2 of the present study? The effect 
of an inward condensation velocity is equivalent to that of suc- 
tion, and this suction not only causes the boundary layers to be 
thin but also delays the onset of separation. The separation 
boundary layers are moved to the rear of the droplet, and the 
separation points are likely to be very close to the rear stagnation 
point. The effect due to separation on the condensation heat and 
mass transport would therefore be expected to be small. 

Thus, theoretical and numerical predictions of transport 
based on the forward stagnation point for translating drops 
experiencing condensation may not differ significantly from av- 
erage values for identical conditions. The chainline in Figure 2 
corresponds to the Ranz and Marshall correlation that is used to 
describe the heat transfer from a droplet evaporating into a 

normal atmosphere. From the present investigation, it is seen 
that for the ambient thermal conditions and droplet size used in 
Figure 2, the correlations yields reasonable results only when 
about 30-50% of the drop environment consists of the noncon- 
densable gas. 

Figure 3 shows the variation of (Q/Qh,) with AT for different 
wl,= and for selected ambient saturation temperatures. The 
droplet size is 0.025 cm for given AT and wl,%, the dimensionless 
heat transfer decreases with increasing ambient saturation tem- 
perature. This feature was first noted in I .  The heat transfer 
values presented here differ considerably from those of I, par- 
ticularly as wl,= -+ 0. 

Figure 4 shows the variations of (Q/Q,v.I) with AT for various 
droplet sizes and w , , ~ .  The ambient thermal condition is fixed at 
125°C. The droplet sizes vary from 0.005 to0.05 cm. For agiven 
AT and wl ,= ,  the dimensionless heat transfer increases with 
increasing radius. This is because with increasing droplet size, 
the flow field is more vigorous. 

Figure 5 illustrates the effect of laminar film condensation on 
the transport of a noncondensable but absorbable third compo- 
nent in the mixture. In order to facilitate the mass transport 
discussion, we have introduced a reference mass flux &. This 
reference flux is derived from a pseudophysical situation where 
a droplet is translating in a binary mixture of one component that 
has the same physical properties as steam but will not condense, 
while the other is a noncondensable but absorbable substance 
that exists in trace amounts (Chung and Ayyaswamy, 1978b). 

For a given AT, the material transport of the third component 
decreases with increasing wl ,= .  This is because, with increasing 
wl,%, the build-up of the noncondensable in the close vicinity of 
the interface becomes significant enough to markedly slow down 
the condensation rate and the associated mass transport corre- 
spondingly decreases. For a given wl ,= ,  the mass transfer in- 
creases with increasing AT. This is attributable to the increased 
strength of the condensation flowfield which enhances the 
movement of the material towards the droplet interface. Again, 
the mass flux values of I are overpredictions when compared 
with the calculations based on a refined theory. 
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NOTATION 

A 

D 

g 
k 
r i l  
P 
P r  

r ,  
r 
R 
Re 
T 
T,, 

CP 

f 

0 

U 

c 
u, 
W 

X 

Y 

= strength of the Hill’s vortex as used in Eq. 1 
= specific heat at constant pressure 
= diameter of the droplet 
= dimensionless stream function 
= acceleration due to gravity 
= thermal conductivity 
= mass flux 
= pressure 
= Prandtl number = U/K 
= heat flux 
= radial distance from the axis of symmetry 
= r-direction in spherical coordinate 
= radius of droplet 
= Reynolds number = (3/2)(U,R/v,)  = C 
= temperature 
= droplet initial bulk temperature, instantaneous bulk 

temperature subsequently 
= velocity in the x direction 
= velocity in the y direction 
= terminal velocity of the droplet, free stream velocity 
= mass fraction 
= coordinate measuring distance along circumference 

= coordinate measuring radial distance outward from 
from the stagnation point 

surface 
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Greek Letters 

AT = T, - To 

E 

77 
e 
8 = dimensionless temperature 

AT, = T ,  - Ti 
= mass fraction of third com onent in the bulk 
= similarity variable = y &R 
= angle in spherical coordinates 

8, = (TI - T,) / (Tx -T,)  
K = thermal diffusivity = k/pC,  

= kinematic viscosity = p / p  

A 
P = dynamic viscosity 

P = density 
4c,, = ratio (C,,/Cpm) 
br = ratio (k /k , )  
46 = ratio ( ~ / p ~ )  
4” = ratio (2vx/vI) 
40 = ratio ( p / p x )  
Y = stream function 

= latent heat of vaporization 

Y 
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Sub8criptr 

e 

R = gas 
i 
1 = liquid 
I ,  i 
,O 
S = at the s-surface 

1;. i 
cg, i 

= at outside edge of the continuous phase boundary 
layer 

= at the dispersed-continuous phase interface 

= in the liquid at the interface 
= hulk condition in droplet 

ti = vapor (steam) 
= in the vapor at the interface 
= in the continuous phase at the interface 
= air 
= vapor or steam 

= i n  the hulk phase, far away from the droplet 

I 

2 

3 = noncondensable but ahsorable component Manusrnpf rvrriwdSovvmbPr 19. 1979, recision recuicrd July2l.andorrvprPd July 
25. 19MJ. 

Local Hold-Up and Liquid Velocity in 
Air-Lift Reactors 

Measurements of local hold-up and liquid recirculation rate in an air-lift JOSE C. MERCHUK 
reactor were performed with two t y p e s  of gas spargers using a manometric 
technique. A simple exponential function correlated properly the liquid velocity 
measured to the gas flow rate. The local hold-up varied appreciably along the 
column and showed a maximum in most of the cases. A simple linear relationship 
correlated the local gas velocity with the total flow rate of the mixture. 

SCOPE 
Air-lift reactors have recently been the object of much atten- 

tion, especially in relation to the production of single-cell pro- 
teins from hydrocarbons. The special feature that distinguishes 
an air-lift reactor from the more common one without mechan- 
ical agitation (bubble column) is the recirculation of the liquid 
through a downcomer that connects the gas-liquid separator on 
top of the main bubbling section or riser to its lower part. A net 
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liquid flow develops in the riser and the downcomer. The main 
advantages of this design are the capacity for satisfying the very 
high oxygen demand of hydrocarbon fermentation (Wang, 
1968), low energy input, especially in large configurations 
(Hatch, 1973; Legrys, 1977, and the possibility of easier re- 
moval of the heat generated in the fermentation process due to 
the configuration, especially in the case of external downcom- 
ers that act as heat exchangers (Schugerl et al., 1977). 
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